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Abstract

The Cray X1 in the Center for Computational Sci-
encesat Oak Ridge National Laboratory is enabling
signi cant new sciencein the simulation of high-
temperature \cuprate" superconductors. We de-
scribe the method of dynamic cluster approximation
with quantum Monte Carlo, alongwith its computa-
tional requiremerts. We then shaw the unique capa-
bilities of the X1 for supporting this method, porting
experiences,performance,and the resulting new sci-
erti c results.

1 Intro duction

Despite years of active researt, the understand-
ing of superconductivity in the high-temperature
\cuprate" superconductors (HTSC) remains one of
the most important outstanding problems in mate-
rials science.A complete theoretical understanding
of cuprate superconductorscould lead to the ability
to design and synthesize room-temperature super-
conductors, which would have tremendous techno-
logical implications. In the superconducting state
of a material, electronsform so-calledCooper pairs,
allowing them to condenseinto a coherern macro-
scopicquantum state in which they conduct electric-
ity without resistance.In conventional superconduc-
tors, pairing results from an attractiv e interaction
betweenelectronsthat is mediated by lattice vibra-
tions (phonon-mediated pairing).

The consensustoday is that the pairing meda-
nism in high-temperature superconductorsis of an
ertirely dierent nature and is probably related to
strong correlations betweenelectrons, a feature that
distinguishes these materials from corvertional su-
perconductors. To addressthe problem theoreti-
cally, one must solve the quantum many-body prob-

lem for a macroscopicnumber of electrons without
being limited to the typical single-particle approxi-
mations, such as Hartree-Fock or the local density
approximation to density functional theory. A re-
cert concurrenceof new algorithmic developmerts
and signi cant improvemerts in computational ca-
pability hasopeneda clear path to solving the quan-
tum many-body problem for high-temperature su-
perconductors.

2 Hubbard model

The characteristic feature of all HTSC is a strongly
anisotropic layered perovskite-like crystal structure
with conducting CuO;-planes separated by insu-
lating layers of other elemeris (see right part of
Fig. 1). Superconductivity takes place within the
two-dimensional CuO, layers with the insulating
barriers only providing charge carriers, usually holes
to the layersand thus cortrolling the doping of CuO,
planes.

First-principles calculationsfor HTSC compounds
provide evidencethat the band which crossesthe
Fermi surface has mainly CuO, character (seee.g.
[1] and referencegherein). To reducethe complexity
of the problem it thus seemsreasonableto restrict
calculations to a two-dimensional model with elec-
trons moving in a single CuO, layer. Justi ed by the
strong in-plane CuO bonds, the complexity may be
further reducedby constructing a model that treats
a whole CuO; plaquette asa single site. The result-
ing two-dimensional Hubbard model [2] is believed
to capture the essetial physicsof HTSC [3, 4, 5]. A
schematic of its Hamiltonian,
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Figure 1: Crystal structure of YBa,Cu3zOs5 and two-
dimensionalHubbard model of the hole doped CuO,
planes,with nearestneighbor hopping integral t and
on-site Coulomb interaction U.

is illustrated in Fig. 1. The fermionic operator ¢’

(c; ) creates (destroys) an electron on site i with

spin ,andn; = d c isthe corresponding num-
ber operator. The rst term describesthe hybridiza-
tion betweensiteswith amplitude t, and the second
term the Coulomb repulsion betweentwo electrons
residing on the samesite. Becauseof screening,the
magnitude of longer-rangedinteractions is believed
to be small comparedto the on-site interaction.

Despite decadesof intensive studies, this model
remains unsolved except in one or in nite dimen-
sions. Analytical methods based on a perturba-
tive approaches su er from the large magnitude of
U, which renders these calculations at least ques-
tionable. Many theorists have turned to numeri-
cal approachesto closethe gap betweenthe model
de ned by its Hamiltonian and its properties. A
large body of work hasbeendewoted to a direct (nu-
merically) exact solution of nite-size systems us-
ing exact diagonalization or Quantum Monte Carlo
(QMC) methods (for a review see[6]). Exact diag-
onalization, however, is sewerely limited by the ex-
ponertial growth of computational e ort with sys-
tem size, while QMC methods su er from what is
known as \the sign problem" at low temperatures.

Another di cult y of thesemethods arisesfrom their
strong nite-size e ects, often ruling out the reliable
extraction of low-energyscaleswhich areimportant
to capture the competition betweendi erent ground
states often present in correlated electron systems.

3 Dynamical
mation

Cluster Appro xi-

Mean- eld theories are de ned in the thermody-
namic limit and therefore do not facethe nite-size
problems. Generally, mean- eld theories divide the
in nite number of degreesof freedominto two sets.
A small set of degreesof freedom s treated explic-
itly, while the e ects of the remaining degreesof
freedom are summarized as a mean eld acting on
the rst set. The Dynamical Mean-Field Theory
(DMFT) [7, 8] (for a review see[9]) for itinerant
correlated systems (such as the HTSC or systems
described by the model Eqg. (1)) is analogousto the
coherent potential approximation for disorderedsys-
tems [10, 11, 12]. It retains the dynamics of local
degreesof freedom by mapping the lattice onto an
impurity self-consistetly embeddedin a dynamical
mean- eld host.

Despite its successn the description of many cor-
related phenomenasudc asthe Mott-Hubbard tran-
sition, the DMFT and CPA sharethe critical aw of
neglectingthe e ects of non-local uctuations. Thus
the DMFT is unable to capture the e ects of e.qg.
spin-wavesin magnetic systems,localization in dis-
ordered systems,or spin-liquid physicsin correlated
electron systems. Furthermore it cannot capture
phasetransitions to states with non-local order pa-
rameters, such asthe d-wave superconducting phase
in the HTSC. Non-local corrections are required to
treat even the initial e ects of thesephenomena.

Here we use the Dynamical Cluster Approxima-
tion (DCA) [13, 14, 15, 16] (for a review see[17]) to
study the properties of the Hubbard model, Eq. (1).
The DCA extendsthe DMFT by non-local correla-
tions. Instead of mapping the lattice onto a single
impurit y, the systemis mapped onto a periodic clus-
ter of sizeN. coupledto a mean- eld host represert-
ing the remaining degreesof freedom(seeFig. 2). As
a result, dynamical correlations up to a range lim-
ited by the cluster size are treated accurately, while
the physics on longer length scalesis described on
the mean- eld level. Translational invariance of the
original system assuresthat the quartity describ-



Figure 2: Schematic illustration of the DCA formal-
ism. The model is mapped onto a nite-size cluster
self-consistetly coupledto a mean- eld host. Cor-
relations within the cluster are treated accurately
while the physics on length scalesbeyond the clus-
ter sizeis described on the mean- eld level.

ing the mean- eld host can be self-consistetly de-
termined from the solution of the cluster problem.
The complexity of the original problem with an in-
nite number of degreesof freedomis thus reduced
to a self-consisteh nite-size cluster problem with
N degreesof freedom. The remaining cluster prob-
lem may then be solved numerically by a number
of techniques including the QMC method [16] used
here.

4 Small Clusters

Computations with a cluster of only four sites, the
smallest cluster that can capture superconductivity
with a d-wave order parameter, on the IBM p690 at
the Center for Computational ScienceqCCS) showv
very good general agreemen with HTSC. These
results are summarized in the temperature-doping
phase-diagramshowvn in Fig. 3 (seealso [18, 19)).
At low doping, , the systemis an antiferromag-
netic insulator below the Neel temperature Ty. At
nite doping, 0:3, an instabilit y is found at the
critical temperature T, to a superconducting state
described by a d,> y2-wave order parameter. In
the normal state, low-energy spin excitations be-
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Figure 3: DCA/QMC Temperature-doping phasedi-
agram of the two-dimensionalHubbard model when
t = 0:25eV, U = 2 eV for a 4-site cluster. Consis-
tent with experiments on HTSC, regions of antifer-
romagnetism, d-wave superconductivity and pseudo-
gap behavior are found.

come suppressedbelow the crosswer temperature
T . Simultaneously the electronic excitation spec-
trum displays a pseudogapj.e. apartial suppression
of low-energy spectral weight. Consistert with opti-
cal experiments, computations for a four-site cluster
show that the superconducting transition is accom-
panied by a lowering of the electronic kinetic energy
[20]. This result further shows the uncornvertional
character of superconductivity in these systems. It
is fundamertally dierent from the BCS theory for
convertional superconductors[21], where pairing oc-
curs through a reduction of the electronic potential
energy accompaniedby a slight increasein kinetic
energy

The apparert violation of the Mermin-Wagner
theorem[22], accordingto which no phaseswith con-
vertional long-range order can occur at nite tem-
peraturesin the two-dimensionalHubbard model, is
a consequenceof the small cluster size, and hence
large mean- eld character, in these simulations. In
the caseof antiferromagnetism, the Mermin-Wagner
theoremthus necessarilytranslatesto Ty = O for the
two-dimensional system. Superconductivity how-
ever can exist even at nite temperatures as topo-
logical order below the Kosterlitz-Thouless transi-
tion temperature [23]. Therefore, larger-cluster-size
studies are neededto seeif the simulations recover
the Mermin-Wagnertheorem and if superconductiv-
ity survivesastopological orderin the in nite cluster
sizelimit wherethe DCA becomesexact.



In the HTSC, onthe other hand, a small but nite
coupling between the two-dimensional CuO, layers
induceslong-rangeorder at nite temperatures.

5 Porting and Performance

The certral quantity of the DCA code is the single-
particle cluster Greenfunction G, which is a matrix
of sizeN N [16]. HereN = N, N; where N, is
the number of \time-slices" in the time direction.
The majority of the CPU time is spert in the in-
ner loop of the QMC simulation, which updatesthe
Greenfunction matrix accordingto the vector outer
product

G°=G+a b'"; )
where a and b are two vectors of dimension N.
This computation is handled by the BLAS [24] call
DGER, which performs a double-precisionrank-one
matrix update represening O(N 2) operations. Each
iteration requiresN such calls, however, resulting in
O(N3) operations.

Another CPU-intensive task is the evaluation of
two-particle correlation functions. In the QMC tech-
nigue this reducesto evaluating products of Green
functions and thus to computing matrix products.
This is done by using the BLAS call CGEMM,
which performs single-precision complex matrix-
matrix multiplication, and one call againis O(N 3).

Porting and tuning the DCA implemertation on
the Cray X1 was straightforward. The port re-
quired no changes beyond the \ Makefile ", and
tuning involved performance pro ling and adding
\ concurrent " directivesto one le. This le con-
tains a number of nested loops using indirect ad-
dressing, or index arrays. The bulk of the tuning
e ort was in determining which loops did and did
not iterate over repeated indices.

The Cray X1 has a number of advantages over
general-purpose systemsin performing DCA com-
putations, particularly with increasing cluster size.
This advantage is demonstrated in Fig. 4, which
comparesruntimes of someearly DCA runs on the
X1 and the IBM p690in the CCS, using 8 and 32
processors(MSPs) on ead.The gure shows run-
times for production runs with a xed value of
N¢ = 64 and increasing values of N; and thus N,
where the value of N is showvn. Eight X1 MSPs
easily outperform thirt y-two 1.3-GHz Power4 pro-
cessordor the larger problem sizes.

As discussedabove, the DCA implementation in-
cludestwo O(N ®) computations built on the BLAS

Figure 4: Runtimes for a seriesof DCA production
runs. Each run is indicated by its value of N =
NcN;. The lines connectingthe data points are only
guidesto the eye.

calls CGEMM and DGER. CGEMM is a BLAS3
call, which implies that it can be blocked e ec-
tively for cache memory, and many modern general-
purposeprocessorscan perform the operations near
their peak. The X1 processorscan also, but they
have the addedbene t of a very high peakrate aug-
mented by the ability to perform single-precisionop-
erations at twice the rate of double-precision.

The X1 has a more signi cant advantage over
the prevailing cade-dependert architectures in the
DGER operations. Each call dependson the results
of the previous call, sothe operations cannot be in-
terleaved. DGER is a BLAS2 call, which implies
that it does much fewer computations per memory
accessthan CGEMM, and thus is typically limited
by memory bandwidth.

We conducted separate DGER bendmarks to
measurethe advantage of the X1 in this operation,
and resultsfor the CCS Cray X1, SGI Altix (1.5 GHz
Itanium2), and IBM p690 (1.3 GHz Power4) are in
Fig. 5. The vendor-optimized DGER was used for
ead system. The gure shows the performance of
DGER for a matrix of sizeN = 64 70 = 4480,
which is represenativ e of large DCA runs. Sepa-
rate DGER instanceswere run concurrertly across
increasing numbers of processors(MSPs), mimick-
ing the processef a Monte-Carlo simulation. The
X1 memory systemis able to maintain performance
and e ciency with addedprocessorswhile the p690
steadily degrades. The Altix degradesgoing from
oneto two processordecausememory bandwidth is



Figure 5: Per-processorperformance of concurrert
DGER calls using N = 4480matrices.

shared between processorpairs. The X1 maintains
8{25 times the performanceand 4{10 times the e -
ciency of the other systems.

Despite the Monte-Carlo nature of the DCA algo-
rithm, the X1 also has an important scalability ad-
vantage over systemswith weaker processors.Each
DCA processhas a signi cant xed start-up cost,
which favors splitting the Monte-Carlo iterations
acrossfewer, faster processors.

Another option would be to multithread eadh
Monte-Carlo process, e ectiv ely using an SMP as
a large single \pro cessor". We explore this possibil-
ity in Fig. 6, which shaws the performanceof IBM's
multithreaded DGER on a p690, again using a ma-
trix size of N = 4480. Fig. 6. The dashed line
shows the per-MSP performanceof an X1 perform-
ing concurrent DGER operations on 32 MSPs, thus
simulating a loaded system. The solid line shows
the performanceof a 32-processomp690 loaded with
concurrert DGER computations, but using di erent
numbers of processorgper DGER process.

The left-most point thus shows the performance
of a single processorwhen all 32 processorsof the
p690are performing independert DGER operations,
while the right-most point shows the aggregateper-
formance of dedicating all 32 processorsto a single
DGER. The gure indicates that dedicating a full
IBM p690to eadh DGER does not match the per-
formance of a single X1 MSP. No threaded version
of vendor-optimized DGER was available for the Al-
tix or the X1 at the time of this test. Tests of un-
tuned DGER implemented with Fortran loops and
OpenMP showed little improvemert on the X1 for

Figure 6: DGER performance of a fully loaded
IBM p690 using di erent numbers of processorsper
threaded process. The dotted line is the per-MSP
performance of loaded X1 nodes.

matrices of size4480,and the Fortran/Op enMP im-
plemertation on the Altix wasnot competitiv e with
the single-threadedvendor-optimized DGER.

The signi cant performance advantage of the X1
for DCA computations, as illustrated by its domi-
nancein DGER performance,hasallowed us to per-
form simulations that are out of the reach of other
systems,all without having to resortto hybrid paral-
lelization. In particular, the X1 hasprovided the ca-
pability neededto perform DCA computation with
much-larger cluster sizes.

6 Larger Clusters

As discussedin Sec. 4, the DCA retains a large
mean- eld character at small cluster sizesand con-
sequettly yields long-range order at nite temper-
atures. Long wave-length modes which destroy
long-range order at nite temperatures in two-
dimensional systems are neglected. With increas-
ing cluster size, however, the DCA progressiwely in-
cludes these longer-ranged uctuations. These are
expected to drive the Neel temperature systemati-
cally to zero and thus recover the Mermin-Wagner
theorem in the in nite cluster size limit where the
DCA becomesexact.

Fig. 7 displays the DCA results for the Neel tem-
perature Ty asaBmction of the inverseof the linear
cluster sizeL. = = N¢. With increasingcluster size,
Tn rapidly decreasesand extrapolatesto Ty = 0
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Figure 7: Neel temperature at 5% doping asaBJnc-
tion of the inverselinear cluster sizel=L; = 1= Nq.

in the in nite cluster sizelimit consistert with the
Mermin-Wagner theorem. The data points scatter
about a curve linear in 1=L., except for the \spe-
cial" cluster sizesN. = 1;2 and 4. For N = 2 a
local singlet is formed on the cluster. When N¢ = 4
the ground state of the periodic cluster is a resonat-
ing valence-lond state [25] with uctuating singlet
bonds between the cluster sites. Hence antiferro-
magnetic order is suppressedfor these cluster sizes,
and the results thus do not fall on the curve.

As discussedn Sec.4, superconductivity may per-
sist in the in nite cluster size limit as topological
Kosterlitz-Thouless order, although no convertional
long-range order is allowed.

The transition to a superconducting state with
d-wave symmetry is indicated by the divergenceof
the pair- eld susceptibility Py, or equivalently by
the node of P, *. The DCA result for this quan-
tity at 5% doping is plotted in Fig. 8 for dier-
ent cluster sizes N.. At nite cluster sizes N,
the critical behavior found in the DCA at tempera-
tures closeto the transition temperature T, de ned
by the node in P, ' hasto be mean-eld like, i.e.
P4 1/ jT T, since the long-ranged physics is
treated on the mean- eld level. At higher tempera-
tures however, wherethe correlation length is within
the cluster size, the true critical behavior may be
obsened in the DCA. Thereforewe t the DCA re-
sults at intermediate temperatureswith the function

= Aexp(1B=(T T.)%%), the critical behavior ex-
pected for a Kosterlitz-Thouless transition [26]. At
lower temperatures we expect the linear dependence
to connectsmoothly to this behavior.
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Figure 8: DCA/QMC result for the inversed-wave
pair- eld susceptibility asa function of temperature
for di erent cluster sizesat 5% doping whent = 0:25
and U = 1:5. Superconductivity is suppressedat
cluster sizesN. > 4.

When N. = 4, the DCA predicts a transition to
a d-wave superconducting state at a nite tempera-
ture T.L. When N¢ > 4, however, the results seem
to indicate the absenceof a nite temperature tran-
sition to a superconducting state at 5% doping.

Fig. 9 shaws the results for the 15%doped system.
Again, for N = 4 a superconducting transition is
obtained at a nite temperature. In contrast to the
5% doped case,the results are almost corverged,i.e.
independert of cluster size,when N > 4. This is a
clear indication that at this doping correlations are
short-ranged and do not extend beyond the cluster
size at the temperatures studied. Clearly, the re-
sults are incompatible with superconductivity at -
nite temperatures at 15% doping, even if the lowest
temperatures data points are extrapolated linearly.

Based on these results we infer that, despite its
tendency to exhibit d-wave pairing, the purely two-
dimensional Hubbard model is not enoughto de-
scribe high-temperature superconductivity. We con-
clude that either a coupling to the third dimension,
a more realistic modeling of the electronic structure,
the additional inclusion of lattice degreesof free-
dom or even a combination of these extensionsis
necessaryto stabilize superconductivity in the in -
nite cluster sizelimit. Work along theselines is in
progress.

INote however that the t function for temperatures close
to T¢ changescurvature and therefore underestimates the ac-
tual T predicted by the DCA
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Figure 9: DCA/QMC result for the inversed-wave
pair- eld susceptibility as a function of tempera-
ture for dierent cluster sizesat 15% doping when
t = 025 and U = 1:5. The results are almost
corverged for N > 4, where superconductivity is
strongly suppressed

7 Summary and Conclusions

The Cray X1 in the Center for Computational Sci-
encesat Oak Ridge National Laboratory has en-
abled signi cant new progressin the understanding
of HTSC within a minimal microscopic model, the
two-dimensional Hubbard model. DCA/QMC sim-
ulations at small cluster sizeN. = 4 show very good
generalagreemen with HTSC, including supercon-
ductivity at high temperatures. Due to the small
cluster sizehowever, the results violate the Mermin-
Wagner theorem, according to which no long-range
order is allowed at nite temperatures in the two-
dimensionalmodel. The signi cant performancead-
vantage of the X1 for the DCA/QMC computations
has provided the capability to study much larger
cluster sizes. Recert runs on the Cray X1 show that,

with larger clusters, relevant longer-ranged uctu-

ations are captured, and the Mermin-Wagner the-
orem is recovered. Furthermore, the results show
the absenceof a nite-temp erature superconducting
transition, and thus are incompatible with a possi-
ble Kosterlitz-Thouless transition to a phase with

topological order.

These problems in the description of HTSC may
be overcomeby carrying out fully three-dimensional
calculations with an in nite set of Hubbard planes
coupled along the third dimension. To evertually
enable the design of new and optimized supercon-
ductors, we further plan to parameterizethe model

with ab-initio electronic-structure calculations and
to generalizethe method to include multiple bands.
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